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1112ÙÙÙ ���ÅÅÅLLL§§§���ÄÄÄ���VVVggg���aaa...

• 2.1 Ä�Vg
• 2.2 k��©Ù�Kolmogorov½n

• 2.3 �ÅL§�Ä�a.
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§2.1 ÄÄÄ���VVVggg

½½½ÂÂÂ 2.1.1 ���ÅÅÅLLL§§§´VÇ�m(Ω,F , P )þ��x

�ÅCþ{X(t), t ∈ T}§Ù¥t´ëê§§áu,��I
8T, T¡�ëê8.

5µ

•�T = {0, 1, 2, · · · } �¡���ÅS�½�mS�.

•�ÅL§{X(t, ω), t ∈ T, ω ∈ Ω}´½Â3T × Ωþ��

�¼ê.

•ëê�mT ´�þ8Ü�§�ÅL§{X(t), v ∈ T}¡�
�Å|.

�ÅL§�©a: £1¤X(t)L«XÚ3��t¤?�G

�.
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£2¤X(t)�¤k�UG��¤�8Ü�G��m§P�S.

£3¤�ìG��m�©�ëYG�ÚlÑG�¶

£4¤�ìëê8§�©�lÑëêL§ÚëYëêL§.

5µ��XJØ�`²Ñ@�G��m´¢ê8R½R�
f8.

~~~ 2.1.1 £�ÅiÄ¤���Ç3´þ1r§±V

Çpc?�Ú§±VÇ1 − p�ò�Ú£b½ÙÚ��Ó¤.

±X(t)P¦3´þ� �§KX(t)Ò´��þ��ÅiÄ.

~~~ 2.1.2 (Brown$Ä) =I�ÔÆ[Brown5¿�
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£23�¡þ���âfØä?1Ã5K�$Ä, ù«$

Ä�5¡�Brown$Ä. §´©f�þ�Å-E�(J.e

P(X(t), Y (t))�âf3²¡�Iþ� �§K§´²¡þ

�Brown$Ä.

~~~ 2.1.3 £üè�.¤��5�ÑÖÕ�¦ÑÖ. �

ÑÖÕ¥�ÑÖ
Ña²§=ÑÖ
Ñ3�O���Ñ

Ö�§5����Ò�üè�ÿ. ����5!z���

¤I�ÑÖ�mÑ´�Å�§¤±XJ^X(t)L«t��

�è�§^ Y (t)L«t���5���¤I����m§

K{X(t), t ∈ T}, {Y (t), t ∈ T}Ñ´�ÅL§.
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§2.2 kkk������©©©ÙÙÙ���Kolmogorov½½½nnn

½½½ÂÂÂ 2.2.1 é?¿k��t1, · · · , tn ∈ T§½Â�ÅL
§�n�©Ù Ft1,··· ,tn(x1, · · · , xn)µ

Ft1,··· ,tn(x1, · · · , xn) = P (X(t1) ≤ x1, · · · , X(tn) ≤ xn).

�ÅL§�¤k���©Ù§��©Ù§· · · , n�©Ù��
��N

{Ft1,··· ,tn(x1, · · · , xn), t1, · · · , tn ∈ T, n ≥ 1}

¡��ÅL§{X(t), t ∈ T}�k�©Ùx.

5µ��
�ÅL§�k��©ÙÒ��
{X(t), t ∈
T}¥?¿n��ÅCþ�éÜ©Ù. �ÒÝº
ù
�ÅC

þ�m��p�6'X.
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©Ùx�5�: (1) é¡5

é (1, 2, · · · , n)�?�ü�(j1, j2, · · · , jn)§k

Ftj1,··· ,tjn(xj1, · · · , xjn)
=P (X(tj1) ≤ xj1, · · · , X(tjn) ≤ xjn)
=P (X(t1) ≤ xt1, · · · , X(tn) ≤ xtn)
=Ft1,··· ,tn(x1, · · · , xn).

(2) �N5

éu m < n§k

Ft1,··· ,tm,tm+1,···tn(x1, · · · , xm,∞, · · · ,∞) = Ft1,··· ,tm(x1, · · · , xm).

½½½nnn 2.2.1 �©Ù¼êx{Ft1,··· ,tn(x1, · · · , xn), t1, · · · , tn ∈
T, n ≥ 1} ÷vþã�é¡5Ú�N5§K7�3���Å
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L§{X(t), t ∈ T}§¦

{Ft1,··· ,tn(x1, · · · , xn), t1, · · · , tn ∈ T, n ≥ 1}

TÐ´{X(t), t ∈ T}�k��©Ùx.

5µ�ÅL§�k��©Ù¼êx´�ÅL§VÇA�

���£ã,§´y²�ÅL§�35�kåóä.�´3¢

S¯K¥§����ÅL§��Ük��©Ù´Ø�U�§

Ïd§<���
^�ÅL§�,
êiA�5�x�ÅL

§.

½½½ÂÂÂ 2.2.2 �{X(t), t ∈ T}´��ÅL§.

(1) ¡X(t)�Ï" µX(t) = E[X(t)]�L§�þ�¼

ê(XJ�3�{).

(2)XJ∀t ∈ T,E[X2(t)]�3§K¡�ÅL§{X(t), t ∈
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T} ���ÝL§.

d�§¡¼êγ(t1, t2) = E[(X(t1)−µX(t1))(X(t2)−µX(t2))], t1, t2 ∈
T �L§����������¼¼¼êêê¶¡V ar[X(t)] = γ(t, t)�L§��

�¼ê¶¡RX(s, t) = E[X(s)X(t)], s, t ∈ T �ggg���'''¼¼¼
êêê.

dSchwartzØ�ª�§��ÝL§����¼êÚg�

'¼ê�3§�k γX(s, t) = RX(s, t)− µX(s)µX(t).

~~~ 2.2.1 X(t) = X0 + tV, a ≤ t ≤ b, Ù¥X0ÚV´

�pÕá�ÑlN(0, 1)©Ù��ÅCþ.

5µ´�X(t)Ñl��©Ù§�X(t1), · · · , X(tn)�´n�

��©Ù. ¤±����§���ÝÚ��ÝÒ��(½
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§�©Ù.

µX(t) = E[X(t)] = E(X0 + tV ) = EX0 + tEV = 0

γ(t1, t2) = E[X(t1)X(t2)] = E[(X0 + t1V )(X0 + t2V )]

= E[X2
0 ] + t1t2E[V 2] = 1 + t1t2.
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§2.3 ���ÅÅÅLLL§§§���ÄÄÄ���aaa...

§2.3.1 ²²²­­­LLL§§§

½½½ÂÂÂ 2.3.1 XJ�ÅL§{X(t), t ∈ T}é?¿�t1, · · · , tn ∈
TÚ?¿�h(¦�ti + h ∈ T )k§
(X(t1 + h), · · · , X(tn + h))� (X(t1), · · · , X(tn))äk�Ó

�éÜ©Ù§P�

(X(t1+h), · · · , X(tn+h))
d
= (X(t1), · · · , X(tn)) (2.3.1)

K¡{X(t), t ∈ T}�î²­�.

½½½ÂÂÂ 2.3.2 XJ�ÅL§X(t)�¤k��ÝÑ�3,

¿�þ�¼êE[X(t)] = µ,���¼êγ(t, s)���m�t−
sk'§K¡{X(t), t ∈ T}�°°°²²²­­­LLL§§§½������²²²­­­LLL§§§.
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5µ

•éu°²­L§§duγ(s, t) = γ(0, t− s), s, t ∈ R§�
P�γ(t− s);
• γ(t)�ó¼ê§�γ(0) = var(X(t)), |γ(τ)| ≤ γ(0);

• γ(τ)äk�K½5§=é?¿��tkÚ¢êak, k = 1, 2, · · · , N§
k

N∑
i=1

N∑
j=1

aiajγ(ti − tj) ≥ 0.

�ëêt=��ê�0,±1,±2 · · ·½ 0, 1, 2 · · ·�§¡²
­L§�²­S�.

~~~ 2.3.1 (²­xD(S�¤ �{Xn, n = 0, 1, · · · }�
��üüpØ�'��ÅCþS�§÷vEXn = 0, n =
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0, 1, 2 · · · , �

EXmXn =

{
0 , �m 6= n

σ2, �m = n

KxD(S�{Xn, n = 0, 1, · · · }�²­�. ù´Ï����

¼êcov(Xn, Xm) = E(XnXm)��m− nk'.

~~~ 2.3.2 (wÄ²þS�¤�{εn, n = 0,±1,±2, · · · }�
��pØ�'��k�Óþ�mÚ��σ2��ÅCþS�.

�a1, a2, · · · , ak�?¿k�¢ê. �ÄXe½ÂS��²­

5:

Xn = a1εn + a2εn−1 + · · ·+ akεn−k+1, n = 0,±1,±2, · · ·

N´wÑ

EXn = m(a1 + · · ·+ ak).
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-ξj = εj −m,Kdεj�üüpØ�'5�, ���¼ê

γ(n+τ, n) = E[(Xn−m(a1+· · ·+ak))(Xn+τ−m(a1+· · ·+ak))]

= E[(a1ξn+· · ·+akξn−k+1)(a1ξn+τ+· · ·+akξn+τ−k+1)]

=

{
σ2(akak−τ + · · ·+ aτ+1a1), e0 ≤ τ ≤ k − 1,

0, eτ ≥ k,
=���¼ê=��mm�τk'. �{Xn, n = 0,±1, · · · }
�²­S�.

�ÄXeü�AÏ²­L§µ

�{Xn, n ≥ 0}�ÕáÓ©Ù�ÅCþS�§ E[X2
n] <

∞, E[Xn] = µ, n = 0, 1, 2, · · · .
{Yn = Y, n ≥ 0}§Ù¥Y´�ÅCþ§E[Y 2] <∞.

�±^ùü�L§5�ãØÓ²­L§�m��É.é
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L§{Xn}
ó§d�ê½Æ�§
1

n
(X0 +X1 + · · ·+Xn−1)

±VÇ1Âñu~êm.�éuL§{Yn}
ó
1

n
(Y0 + Y1 + · · ·+ Yn−1) = Y

=²é�m�²þ�§�Å5vu)?ÛUC.u´g,�

)ù��¯Kµ3Û«^�e§²­L§é�m�²þ��

±�uL§�þ�º

éu²­L§{Xn, n = 0, 1, 2, · · · }§­��´(½§
�þ�µÚ§����¼êγ(τ). duE[Xt] = µ§��

Oµ§Ò7Lé�ÅL§{Xn}��þ*	. ±Xj(t)P1jg

*	¥��t��§j = 1, 2, · · · , n. d�ê½Æ�§�±^

µ̂ = 1
n
(X1(t) + · · ·+Xn(t))5�Oµ.Ó�§�
�O���
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¼êγ(τ)§��±^

γ̂(τ) =
1

n

n∑
k=1

(Xk(t+ τ)− µ̂)(Xk(t)− µ̂)

5�O.,
é�ÅL§�õg*	��5`éJ��§N

´�´��g*	§¼��^��´»§·�F"dù�g

*	5�OµÚγ(τ).éu����ÅL§ù´Ø�U�§�

´éu²­L§§��\þ�
^�§Ò�±l�g*	¥

��µÚγ(τ)��Ð��O§ùÒ´H{5½n.

½½½ÂÂÂ 2.3.3 �{X(t),−∞ < t < ∞}��²­L§§
e

X = lim
T→∞

1

2T

∫ T

−T
X(t)dt = m (2.3.2)
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½�ëê�m�T = Z(�ê8)�,

X = lim
N→∞

1

2N + 1

N∑
k=−N

X(k) = m

K¡{X(t), t ∈ T}�þ�kH{5.

5µùp�4�´�3þ�¿Âe�4�§=

lim
T→∞

E

[∣∣∣∣ 1

2T

∫ T

−T
X(t)dt−m

∣∣∣∣2
]

= 0.

γ(τ) = lim
T→∞

1

2T

∫ T

−T
(X(t)−m)(X(t+ τ)−m)dt = γ(τ)

½�ëê�m�T = Z�,

γ(τ) = lim
N→∞

1

2N + 1

N∑
k=−N

(X(k)−m)(X(k+τ)−m) = γ(τ)
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K¡{X(t), t ∈ T}����kH{5.

e�ÅL§£½�ÅS�¤�þ�Ú���¼êÑäk

H{5§K¡d�ÅL§kH{5.

5µXJt ���K¢ê£�K�ê¤�§�A�È©

Ú¦ÚÒ��3[0,∞)þ. X�Auþã½ÂU�µ

lim
T→∞

1

T

∫ T

0

X(t)dt = m

½

lim
N→∞

1

N + 1

N∑
k=0

X(k) = m.

dH{5�½Âª§g,JÑ¯Kµ4�´Ä�3ºX

J�3§§´�ÅCþ�4�. @o3�o^�e§U�u

~êQº
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½½½nnn 2.3.1 £££þþþ���HHH{{{555½½½nnn¤¤¤

(1) �{Xt,−∞ < t < ∞}´²­L§§K{Xt,−∞ <

t <∞}�þ�kH{5�¿©7�^�´

lim
T→∞

1

T

∫ 2T

0

(1−
τ

2T
)γ(τ)dτ = 0.

(2)�{Xn, n = 0,±1,±2, · · · }´²­S�§Ùþ�¼
ê�µ,���¼ê�γ(τ)§K{Xn, n = 0,±1,±2, · · · }�þ
�kH{5�¿©7�^�´

lim
N→∞

1

N

N−1∑
τ=0

γ(τ) = 0.

y²µduy²�g´�Ó§ùp�y²ëY�m�þ

�H{5½n. Äk§O�X�þ�Ú��. P

X̄T =
1

2T

∫ T

−T
X(t)dt,



20/28

‖J I‖

J I

GoBack

FullScreen

Close

Quit

Kk

EX̄ = E lim
T→∞

X̄T = lim
T→∞

EX̄T = lim
T→∞

1

2T

∫ T

−T
EX(t)dt = m

?


V ar(X̄) =E[(X̄ − EX̄)2]

=E lim
T→∞

[
1

2T

∫ T

−T
(X(t)−m)dt

]2

= lim
T→∞

1

4T 2
E

[∫ T

−T
(X(t)−m)dt

]2

= lim
T→∞

1

4T 2

∫ T

−T

∫ T

−T
E[(X(t)−m)(X(s)−m)]dtds

= lim
T→∞

1

4T 2

∫ T

−T

∫ T

−T
γ(t− s)dtds
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3þãÈ©¥§�C�{
τ = t− s
v = t+ s

KC��Jacobi1�ª��

J =

∣∣∣∣∣1−1

1 1

∣∣∣∣∣
−1

=
1

2

È©«�C��º:©O3τ¶Úv¶þ�!/«�

D : −2T ≤ τ ± v ≤ 2T .

duγ(τ)´ó¼ê§� V ar(X̄)�u

lim
T→∞

1

4T 2
·
1

2

∫∫
D

γ(τ)dτdv
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= lim
T→∞

1

8T 2

∫ 2T

−2T

γ(τ)dτ

∫ 2T−|τ |

−(2T−|τ |)
dv

= lim
T→∞

1

4T 2

∫ 2T

−2T

γ(τ)(2T − |τ |)dτ

= lim
T→∞

1

2T 2

∫ 2T

0

γ(τ)(2T − τ)dτ

= lim
T→∞

1

T

∫ 2T

0

γ(τ)(1−
τ

2T
)dτ.

�'uþ��H{5½nÒz�þª4�´Äªu"�¯

K. u´dþ�Âñ�½Â�ù(¢´�d�.

íííØØØ 2.3.1 e
∫∞
−∞ |γ(τ)|dτ <∞, Kþ�H{5½n

¤á.

y²µdu�0 ≤ τ ≤ 2T�§ |(1 − τ/2T )γ(τ)| ≤



23/28

‖J I‖

J I

GoBack

FullScreen

Close

Quit

|γ(τ)|,
1

T

∣∣∣∣∫ 2T

0

(1−
τ

T
)γ(τ)dτ

∣∣∣∣≤ 1

T

∫ 2T

0

|γ(τ)|dτ

≤
1

T

∫ ∞
0

|γ(τ)|dτ → 0.

íííØØØ 2.3.2 éu²­S�
ó§eγ(τ) → 0(τ →
∞), Kþ�H{5½n¤á.

y²µÏ��τ →∞�§γ(τ)→ 0, �dStoltz½n�

lim
N→∞

1

N

N−1∑
τ=0

γ(τ) = lim
N→∞

γ(N − 1) = 0

l
S��þ�kH{5.

���¼êH{5½n:

½½½nnn 2.3.2 £££���������¼¼¼êêêHHH{{{555½½½nnn¤¤¤
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�{Xt,−∞ < t < ∞}´²­L§§Ùþ�¼ê�"§
K���¼êkH{5�¿©7�^�´

lim
T→∞

1

T

∫ 2T

0

(
1−

τ1

2T

)
(B(τ1)− γ2(τ))dτ1 = 0

Ù¥ B(τ1) = E[X(t+ τ + τ1)X(t+ τ1)X(t+ τ)X(t)].

5µéu²­L§{X(t), t ∈ T}����¼êγ(τ)�H

{5½n§�±�Ä�ÅL§{Yτ(t),−∞ < t <∞},Ù¥

Yτ(t) = (X(t+ τ)−m)(X(t)−m),

KE[Yτ(t)] = γ(τ). d½n�y²L§��§þ�äkH{

5�duvar(X) = 0. Ïd�±aí���¼ê γ(τ)äk

H{5�duV ar(γ(τ)) = 0.

~~~ 2.3.3 �X(t) = a cos(ωt+Θ),Θ ∼ U(0, 2π), ω 6=
0, K{X(t), t ∈ R}�þ�kH{5.
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y²µÙþ�¼ê�: EX(t) = 1
2π

∫ 2π

0 a cos(ωt+θ)dθ =

0, Ù���¼ê�:

E[X(t+ τ)X(t)] =E[a2 cos(ω(t+ τ) + Θ) cos(ωt+ Θ)]

=
a2

2π

∫ 2π

0

cos((t+ τ)ω + θ) cos(tω + θ)dθ

=
a2

4π

∫ 2π

0

[cos((2t+ τ)ω + 2θ) + cos τω]dθ

=
a2

2
cos τω

¤±{X(t), t ∈ R}´²­L§. qÏ�

1

T

∫ 2T

0

(
1−

τ

2T

)
γ(τ)dτ =

a2

2T

∫ 2T

0

(
1−

τ

2T

)
cosωτdτ



26/28

‖J I‖

J I

GoBack

FullScreen

Close

Quit

=
a2

2T
·
sin 2Tω

ω
−

a2

4T 2

∫ 2T

0

τ cosωτdτ.

d�©1�¥�½n��§�3ξ ∈ (0, 2T )§¦�∣∣∣∣∫ 2T

0

τ cosωτdτ

∣∣∣∣ =

∣∣∣∣2T ∫ 2T

ξ

cosωτdτ

∣∣∣∣ ≤ 4T

ω
,

l
§-T →∞§�
1

T

∫ 2T

0

(
1−

τ

2T

)
γ(τ)dτ → 0.

�þ�H{5¤á.

§2.3.2 ÕÕÕáááOOOþþþLLL§§§

½½½ÂÂÂ 2.3.4 XJé?Ût1, t2, · · · tn ∈ T, t1 < t2 <

· · · < tn�ÅCþX(t2) −X(t1), · · · , X(tn) −X(tn−1)´�

pÕá�§K¡X(t)�ÕÕÕáááOOOþþþLLL§§§. XJé?Û t1, t2,
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kX(t1 + h)−X(t1)
d
= X(t2 + h)−X(t2), K¡{X(t), t ∈

T}�´²²²­­­OOOþþþLLL§§§. okÕáOþÚ²­Oþ�L§¡

�²²²­­­ÕÕÕáááOOOþþþ���LLL§§§.

�ÅL§{X(t),≥ 0}�A�¼ê�ψX(t)(a) = E[eiaX(t)]§

·�kXe½n

½½½nnn 2.3.3 b�{X(t),≥ 0}´��ÕáOþL§§
KX(t)äk²­Oþ�¿©7�^�´µÙA�¼êäk�

¦5§=

ψX(t+s)(a) = ψX(t)(a)ψX(s)(a)
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ψX(t)(a)ψX(s)(a) =ψX(t+s)(a)

=E[eiaX(t+s)]

=E{eia[X(t+s)−X(s)]}E[eiaX(s)]

=E{eia[X(t+s)−X(s)]}ψX(s)(a)

dd��

E{eia[X(t+s)−X(s)]} = ψX(t)(a) = E[eiaX(t)]

=TL§äk²­�Oþ"

5µ²­ÕáOþL§�þ�¼ê´�mt��5¼ê"

�Ö�¡ò�0��PoissonL§ÚBrown$ÄÑ´ùaL

§"ùüaL§´�ÅL§nØ¥�ü¬�­��Ä�"


